




















P-value in hypothesis testing is defined as the probability

for the observed sample given the null hypothesis is true.

But why do we use this probability instead of using the

more natural probability of hypothesis being true given the

observed sample?

This is a very good question, and it gets to the philosophical core of hypothesis testing.

Let me first restate the contrast clearly:

What a p-value is:

What feels more natural:

These are not the same, and the reason we use the first instead of the second is a mix of

logic, practicality, and historical philosophy.

1. Why the “natural” probability is not directly available

To compute

you must use Bayes’ theorem:

This requires:

1. A prior probability

2. A probability model for all competing hypotheses

In classical (frequentist) statistics:

 is not a random variable

It is either true or false

Therefore  is not defined

p-value = P (data as extreme as observed ∣ H ​ is true)0

P (H ​ is true ∣0 observed data)

P (H ​ ∣0 data),

P (H ​ ∣0 D) = ​

P (D)
P (D ∣ H ​)P (H ​)0 0

P (H ​)0

H ​0

P (H ​)0
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So frequentist inference cannot talk about

“probability that the hypothesis is true.”

👉 This is not a technical limitation—it’s a philosophical choice.

2. Frequentist philosophy: probabilities belong to data, not hypotheses

Frequentist statistics adopts this principle:

Data are random

Hypotheses are fixed statements about the world

So it makes sense to ask:

but not:

This is why p-values are framed as:

3. Why this is still useful (despite not being intuitive)

The p-value answers a decision-relevant question:

If:

p-value is small → data is very unlikely under 

Therefore → treating  as true leads to implausible outcomes

This supports rejection, not belief.

Important:

❌ p-value does not say “  is probably false”

✅ it says “this data would be rare if  were true”

Probability describes long-run behavior of random data, not uncertainty about fixed

hypotheses.

P (data ∣ H ​)0

P (H ​ ∣0 data)

“If the null were true, how surprising would this data be?”

Is the observed data inconsistent with what we would expect if  were true?H ​0

H ​0

H ​0

H ​0

H ​0



4. Why we don’t just switch to 

To do that, we must:

Assign a prior probability to hypotheses

Model uncertainty over parameter values

Accept subjectivity in priors

This leads to Bayesian statistics, where:

is exactly what is computed

So your “more natural probability” does exist — it’s just Bayesian, not frequentist.

5. Why p-values became dominant historically

Three main reasons:

(a) No priors required

Early statistics (Fisher, Neyman–Pearson) wanted objective procedures

Priors were seen as subjective and controversial

(b) Error control guarantees

Frequentist testing gives long-run guarantees:

Type I error ≤ α

Reproducibility across repeated experiments

Bayesian posterior probabilities do not give these guarantees unless carefully calibrated.

(c) Simplicity and universality

p-values can be computed from data alone

No need to agree on prior beliefs

6. Key intuition to remember

A useful mental model:

P (H ​ ∣0 data)

P (H ​ ∣0 data)

p-value ≠ probability the null is true

p-value = measure of conflict between data and null



Think of a courtroom analogy:

Null hypothesis: “The defendant is innocent”

p-value: “How surprising is this evidence if the defendant were innocent?”

We do not compute:

unless we introduce priors (Bayesian reasoning).

7. Summary (one-line answers)

We use  because frequentist statistics forbids probabilities over

hypotheses

 requires Bayesian inference and priors

p-values measure evidence against a hypothesis, not belief in it

Your intuition is correct — it just belongs to a different statistical framework

If you want, I can next:

Show a numerical example where p-value and posterior probability strongly disagree

Explain why p-values are often misinterpreted

Compare p-values vs Bayes factors (very relevant to this question)

Just tell me.

“Probability the defendant is innocent given the evidence”

P (data ∣ H ​)0

P (H ​ ∣0 data)

Hypothesis testing is usually taught in colleges just after

the topic confidence interval. Is there any relation for

hypothesis testing p-value or hypothesis testing

significance alpha with confidence intervals?

Yes — there is a deep, exact, and structural connection between confidence intervals

(CIs) and hypothesis tests. They are two views of the same inferential machinery. The fact

that they are taught back-to-back is not accidental.

I’ll explain this in increasing depth.



1. The core equivalence (most important fact)

For standard frequentist procedures:

Example

Significance level: 

Construct a 95% confidence interval for 

Then:

If  CI → reject 

If  CI → fail to reject 

So:

\boxed{\text{95% CI} \;\Longleftrightarrow\; \text{5% hypothesis test}}

2. How the p-value fits into this

The p-value answers:

Now connect this to confidence intervals:

Equivalently:

If you keep shrinking the CI (lowering confidence level)

The moment the null value drops out

That confidence level corresponds to the p-value

This is a very precise mathematical relationship.

3. Why this equivalence holds (intuition)

Both CIs and hypothesis tests are built from the same pivot quantity:

A two-sided hypothesis test at significance level  rejects 

⇔

the  confidence interval does not contain the null value.

α H ​0

(1 − α)

H ​ :0 μ = μ ​0

α = 0.05
μ

μ ​ ∈0 / H ​0

μ ​ ∈0 H ​0

What is the smallest  at which  would be rejected?α H ​0

The p-value is the smallest  such that the  confidence interval excludes the

null value.

α (1 − α)

h h d l



Hypothesis test

Reject  if:

Confidence interval

Include all values satisfying:

So:

Hypothesis testing asks

“Is the null value outside the plausible range?”

Confidence intervals give you

“The entire plausible range.”

Same inequality, viewed from opposite directions.

4. One-sided tests vs confidence intervals

The correspondence still holds, but you must match them correctly.

Hypothesis test Matching CI

Two-sided test at Two-sided  CI

Upper-tailed test at Lower  one-sided CI

Lower-tailed test at Upper  one-sided CI

⚠️ Many confusions arise from mismatching these.

5. Significance level  as “CI coverage”

Interpretation link:

 = probability of rejecting a true

 = probability the CI contains the true parameter

These are the same error control, expressed differently:

Test statistic = ​

standard error
estimate − hypothesized value

H ​0

∣statistic∣ > z ​α/2

∣statistic∣ ≤ z ​α/2

α (1 − α)

α (1 − α)

α (1 − α)

α

α H ​0

1 − α



Concept Error controlled

Hypothesis testing Type I error

Confidence interval Coverage probability

6. Why confidence intervals are often better than p-values

CIs give strictly more information:

Hypothesis test: reject / not reject

p-value: degree of incompatibility

CI: range of plausible parameter values

Example:

p-value = 0.04 → “significant”

CI:  vs 

→ radically different scientific meaning

Same p-value, wildly different implications.

This is why modern statistics often recommends:

7. Important caveat: this equivalence is not universal

The clean equivalence holds when:

Tests are based on inversion of CIs

Regular models (normal, t, large-sample)

No discrete complications

It can fail or become approximate for:

Discrete distributions (binomial, Poisson)

Composite nulls

Non-standard or exact tests

But conceptually, the link remains.

[0.01, 0.02] [0.0001, 10]

Report confidence intervals instead of (or along with) p-values.



8. Big picture summary

Confidence intervals and hypothesis tests are dual concepts

A  CI contains exactly the values not rejected by an  test

p-value tells you how much confidence you must give up to exclude the null

This is why they are taught together — they are two sides of the same coin

If you want, I can:

Show a geometric picture of CI vs test

Walk through a full numerical example

Explain why “fail to reject” ≠ “accept” using CIs

Connect this to likelihood and Bayesian credible intervals

Just tell me which one you'd like.

(1 − α) α

Confidence interval has no usefull meaning for a already

observed sample statistics. Confidence interval has

meaning for the long running sample  statistics. How can

we then formulate the confidence interval to reject or

accept the null hypothesis just based on one sample. It

needs to be the long running sample statistics that accept

or reject a hypothesis

This is an excellent objection — and you are thinking exactly like a careful frequentist. What

you are noticing is the central conceptual tension in confidence intervals and hypothesis

tests.

Short answer:

Let me unpack this carefully.

We do not interpret a confidence interval as a probability statement about the

observed sample.

We use it as a decision rule whose long-run behavior is guaranteed.



1. You are absolutely right about confidence intervals

In frequentist statistics:

The parameter  is fixed (unknown)

The confidence interval is random (because it depends on the sample)

Formally:

This probability is about repeated sampling, not about the specific interval you observed.

So statements like:

are incorrect in frequentist logic.

✔️ Your understanding here is 100% correct.

2. Then how can one single CI justify rejecting a hypothesis?

This is the key point:

Analogy (very important)

Think of a court rule, not a belief statement.

The legal rule might be:

That rule is justified because:

For this one defendant:

They are either innocent or not

The probability statement does not apply to them individually

Yet the decision is still made using that rule.

👉 Confidence-interval-based testing works the same way.

θ

P ​(θ ∈θ CI(X)) = 1 − α

“There is a 95% probability that  lies in this interval”θ

We do not use the CI as a statement of belief about this sample.

We use it as a realization of a procedure with guaranteed long-run error control.

“Convict if evidence exceeds threshold T”

“In the long run, this rule wrongly convicts ≤ 5% of innocent people”



3. CI inversion is a decision rule, not a probability claim

When we say:

we are saying:

The CI is just a computational device that encodes this rule.

4. Where the long-run guarantee comes from

Let  be a  confidence interval.

Then:

This is exactly the Type I error definition:

So the rejection rule:

is frequentist-valid, even though it uses one observed sample.

5. Why “accept / reject” language is misleading

You are also implicitly pointing out another subtlety:

Frequentist tests do not “accept” hypotheses

They only reject or fail to reject

Why?

Because:

A wide CI containing  does not provide evidence for

It only means the data is not inconsistent enough

“Reject  if ”H ​ :0 θ = θ ​0 θ ​ ∈0 / CI

“Use a procedure whose long-run Type I error rate is .”α

CI(X) (1 − α)

P ​(θ ​ ∈θ ​0 0 / CI(X)) = α

P ​(reject H ​) =θ ​0 0 α

Reject if θ ​ ∈0 / CI(X)

θ ​0 H ​0



Confidence intervals make this clearer than p-values:

If CI is wide → uncertainty is high

“Fail to reject” is a statement about lack of precision, not truth

6. Why one sample is enough (conceptually)

The key idea:

You design a rule using probability theory

You apply it once

The guarantee holds even if you observe only one realization

Just like:

A fair die has known probabilities

A single roll has no probability attached after it occurs

Yet the fairness claim is still meaningful

7. Why this feels unsatisfying (and rightly so)

What you are feeling is exactly why:

Fisher emphasized evidence (p-values)

Neyman–Pearson emphasized decision rules

Bayesians rejected this framing entirely

Bayesian credible intervals do allow:

Frequentist confidence intervals deliberately refuse to do this.

Your discomfort is not confusion — it is philosophical consistency.

8. One-sentence resolution

Frequentist guarantees are about the procedure, not the outcome.

P (θ ∈ interval ∣ data)

A confidence interval is not used to describe what this one sample “means”;

it is used to implement a decision rule whose error rate is controlled across

hypothetical repetitions.



That is why a single observed CI can legitimately be used to reject a hypothesis.

If you want, next we can:

Contrast this with Bayesian credible intervals precisely

Show a formal proof of CI ↔ hypothesis test equivalence

Discuss why scientists still interpret CIs incorrectly

Explain how likelihood-based inference fits between CI and Bayes

You’re asking exactly the right questions — just tell me where you want to go next.






























