Probability and Statistics: Counting (permutation and combinations), probability axioms,
Sample space, events, independent events, mutually exclusive events, marginal,
conditional and joint probability, Bayes Theorem, conditional expectation and variance,
mean, median, mode and standard deviation, correlation, and covariance, random
variables, discrete random variables and probability mass functions, uniform, Bernoulli,
binomial distribution, Continuous random variables and probability distribution function,
uniform, exponential, Poisson, normal, standard normal, t-distribution, chi-squared
distributions, cumulative distribution function, Conditional PDF, Central limit theorem,
confidence interval, z-test, t-test, chi-squared test. — |<Jr 00 K1¢57s
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Central Limit Theorem: If X is the mean of a random sample of size n taken
from a population with mean g and finite variance o2, then the limiting form of
the distribution of

as n — 00, is the standard normal distribution n(z;0,1).

The normal approximation for X will generally be good if n > 30, provided
the population distribution is not terribly skewed. If n < 30, the approximation is
good only if the population is not too different from a normal distribution and, as
stated above, if the population is known to be normal, the sampling distribution

of X will follow a normal distribution exactly, no matter how small the size of the
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A 95% confidence level does not imply a 9 robability that

the true parameter lies within a alculated

interval. The confidence level instead reflects the long-run

reliability of the method used to generate the interval | n

other words, if the same sampling procedure were repeated
100 times from the same population, approximately 95 of
the resulting intervals would be expected to contain the true
population mean.
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Let X bear
with s

le from a probabili tribution

ter (6, ). Here, @ is the quantity to

Each row of points is a sample from the same =~

normal distribution. The colored lines are 50%
confidence intervals for the population mean p. At
the center of each interval is the sample mean Z,
marked with a diamond. The blue intervals contain
u, and the red ones do not.

be estimated, while ¢ includes other parameters (if any) that determine the distribution. A confidence interval

for the parameter 8, with confidence level or coefficient 4, is an interval (u(

variables u(X') and v(X) with the property:
Pu(X) <@ <v(X)) =~ forall(6,yp).

the asymptotically standard normal quantity
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where p and n are the population mean and the sample size, respectively.

Suppose X1, . .., X, is an independent sample from a no

population with unknown parameters mean . Define the
sample mean X and unb
_ 1, -
X=—(X1+ -+ X)),
n
2 1
) n—1%

Then the value

F

has a Studer stribution with . — 1 degrees of freedom 5l This value is
useful because its distribution does not depend on the values of the

unobservable parameters y and o*;

Suppose we wanted to calculate a 95% confidence interval for u. First, let ¢ be

the 97.5th percentile of the distribution of T". Then there is a 2.5% chance that T" will be less than —c and a
2.5% chance that it will be larger than +c (as the t distribution is symmetric about 0). In other words,

s Tdd € 5> p(TL) = I+l .
X PITSE) = q15% —5 ook vp T

© )
and re-arranging terms,

Pr(—c<T<

X
Consequently, by replacing T" with S

where Py is the probability measure for the sample X1, ..., X,.

eS
It means that there is 95% probability with which this condition X-—=

. n
repeated sampling. After observing a sample, we find values T for X and s for S, from which we compute the
below interval, and we say it is a 95% confidence interval for the mean.

- Cx .
i< X 4+ —— occursin
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Interpretation [ edit]
Various interpretations of a confidence interval can be given (taking the 95% confidence interval as an example
in the following).

= The confidence interval can be expressed in terms of a long-run frequency in repeat amples (orin

e . I . ,
resampling): "Were this procedure to he repeated on numerous samples, the proportion of calculated 95%

confidence intervals that encompassed the true value of the population parameter would tend toward
959
« The confidence interval can be expressed in terms of probability with respect to a single theoretical (yet to
be realized) sample: "There is a 952 ability that the 95% confidence interval calculated from a given
7_future sample will cover the true value of the population parameterﬂ'["'] This essentially reframes the
"repeated samples” interpretation as a probability rather than a frequency.
« The confidence interval can be expressed in terms of statistical significance, e.g.: "The 95% confidence
interval represents values that are no gnificantly different from the point estimate at the .05

lev

For example, suppose a factory produces metal rods. A random sample

Common misunderstandings [edit] s
of 25 rods gives a 95% confidence interval for the population mean length of 36.8 to0 39.0 mm.[12]

Confidence intervals and levels are frequently misunderstood, and o = . : . .
« Itis incorrect to say that there is a 95% probability that the true population mean lies within this interval,

published studies have shown that even professional scientists often because the true mean is fixed, not random. For example, it might be 37 mm, which is within the confidence

2% [9]
misinterpret them. interval, or 40 mm, which is not; in any case, whether it falls between 36.8 and 39.0 mm is a matter of fact,

* A 95% confidence level does not mean that for a given realized not probability.

interval there is a 95% probability that the population parameter lieq
within the interval [1011]

e A95%
lie within the confidence interval.

nfidence level does not mean that 95% of the sample datd

« A 95% confidence level does not mean that there is a 95%
probability of the parameter estimate from a repeat of the
experiment falling within the confidence interval computed from a
given experiment.[]

« Itis not necessarily true that the lengths of 95% of the sampled rods lie within this interval. In this case, it
cannot be true: 95% of 25 is not an integer.

« Itis incorrect to say that if we took a second sample, there is a 95% probability that the sample mean length
(an estimate of the population mean length) would fall within this interval. In fact, if the true mean length is
far from this specific confidence interval, it could be very unlikely that the next sample mean falls within the
interval.

Instead, the 9
population mean to lie within approximately 95 of the calculated intervals.11101171012]

confidence level means that if we took 100 such samples, we would expect the true

pop? o= OO c =57
poods o= bOS c= 1
— c=\bip
_0 w=°
\—OL ‘l)/ . = Dé_—]'
popso %7° e €

+C oA
< plve
¢ T P St Xk
_ L XS
-~ \1 ; valer % ' ingide e
-—?W mpmmf we Fb.lg' .In Pm/w s s he %dlffratv j3% ILH":I (ons .
. ion - &N 5
whet bk ¢
M?;W e b“"':fd& < P



I'he average zinc concentration recovered from a sample of measurements taken
in 36 different locations in a river is found to be 2.6 grams per milliliter. Find

the 95% and 99% confidence intervals for the mean zine concentration in the river.

Assume that the population standard deviation is 0.3 gram per milliliter.

Wb fpudne wd X = [g,a.m%s, $p< xl-+2-57-_béj
.1a%>
0 s o cp< 4 .
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, 25 subjects are selected randomly and their

that the distributio
for the subjects is 6.2 seconds. Give an upper 95% bound Ry the mean reactio
time. — ]

Solution: The upper 95% bound is given by

P+ 240/v/0 = 6.2 + (1.645)/4/25 = 6.2 T 00T

6.858 seconds

Hence, we are 95% confident that the mean reaction time is less than 6.858
soconds
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8.67 The breaking strength X of a certain rivet used

in a machine engine has a mean 5000 psi and stan-

dard deviation 400 psi. A random sample of 36 rivets

is taken. Consider the distribution of X, the sample

mean breaking strength.

(a) What is the probability that the sample mean falls
between 4800 psi and 5200 psi?

(b) What sample n would be necessary in order to have

P(4900 < X < 5100) = 0.99?
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Student's ¢
Probability density function

; ) : V. . 4
where V is the number of degrees of freedom and | is the Gamma function.

For V even, -4 -2

(v = 1){r—3)---
2vly = 2)(r—4)---4-2°

Parameters v real, almost always a positive
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t Table
cum. prob 150 trs ts s [7* tss tas L™ 13 1 oo 1 3ss:

one-tail 0.50 0.25 0.20 0.16 0.10 0.05 0.025 0.01 0.005 0.001 0.0005

two-t ’ X 0.10 0.056 0 0.01 0.002 0.001

Based on this sample, which of the following is a 90% confidence interval
for the mean age of cars (in years) in this commuter lot?

Choose 1 answer.
(6.44, 22
(12.05,16.95)

@ (12:52,1652)

(12.61,16.39)

7 patients’blood pressures have been measured after having been given a new drug ){I -

for 3 months. They had blood pressure increases of 1.5, 2.9, 0.9, 3.9, 3.2, 2.1 and o @1 . 70&
1.9. Construct a 95% confidence interval for the true expected blood pressure SI | 2

increase for all patients in a population. L=t
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Parameter of interest: From the problem context, identify the parameter of interest.
Null hypothesis, Hy: State the null hypothesis, H,.

Alternative hypothesis, Hy Specify an appropriate alternative hypothesis, H.
Test statistic: Determine an appropriate test statistic.

Reject Hj if: State the rejection criteria for the null hypothes

Computations: Compute any necessary s: n ple quantities, substitute these into the
equation for the test statistic, and compute that value.

Draw conclusions: Decide whether or not A, should be rejected and report that in
the problem context.

, X = Sipifjance. [eel .
s Thoe I[Sgﬁ:w ot i g’ ceiy
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A certain bag of fertilizer advertises that it contains 7.25 kg, but the amounts

these bags actually contain is normally distributed with a mean of 7.4 kg and Hb M },L ”TLP kg’

a standard deviation of 0.15 kg
; Th 1:2,
W os et

The company installed new filling machines, and they wanted to perform a
test to see if the rr nount in gs had changed. Their hypotheses
were

p < %%Mj ho e B

They took a random sample of 50 bags and observed a s

standa nof 7.36 kg and s, 0.12 kg. They calcula

ad a P-value of approximately 0.02

+Z« conclusion should be made using a significance level of

Fail to reject Hy

Reject ]I“ and accept h’,

Accept H,
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P-value in hypothesis testing is defined as the probability
for the observed sample given the null hypothesis is true.
But why do we use this probability instead of using the
more natural probability of hypothesis being true given the
observed sample?

o 7

This is a very good question, and it gets to the philosophical core of hypothesis testing.

Let me first restate the contrast clearly: Jois il bt %,:r o
What lue i Q 2 S o O
) - : 0
at a p-value is PUM\@MQ] S e

p-value = P(data as extreme as observed | Hy is true)
D pws,  oha wnddf cuve gt 2V
Jon  Pbsued. ?U o —

) kb
P(H, is true | observed data ot oL bat Sl ek
(Ho is true | observ ) ‘%?,ﬁsf o et ot i1

sk H
These are not the same, and the reason we use the first instead of the second is a mix of Qﬂ" e

¢ What feels more natural:

logic, practicality, and historical philosophy.

1. Why the “natural” probability is not directly available

To compute

P(H, | data),

you must use Bayes' theorem:

P(D | Hy) P(H,)
P(D)

P(Hy | D) =

This requires:

1. A prior probability P(H)

2. A probability model for all competing hypotheses
In classical (frequentist) statistics:

e Hjis not arandom variable
e Itis either true or false
e Therefore P(H,) is not defined


https://chatgpt.com/

So frequentist inference cannot talk about

“probability that the hypothesis is true.”

<~ This is not a technical limitation—it’s a philosophical choice.

2. Frequentist philosophy: probabilities belong to data, not hypotheses

Frequentist statistics adopts this principle:

Probability describes long-run behavior of random data, not uncertainty about fixed
hypotheses.

e Data are random

e Hypotheses are fixed statements about the world

So it makes sense to ask:

P(data | Hy)
but not:

P(H, | data)
This is why p-values are framed as:

“If the null were true, how surprising would this data be?”

3. Why this is still useful (despite not being intuitive)

The p-value answers a decision-relevant question:

Is the observed data inconsistent with what we would expect if Hy were true?

If:

e p-valueis small - data is very unlikely under H

e Therefore - treating H as true leads to implausible outcomes
This supports rejection, not belief.
Important:

X p-value does not say “H|, is probably false”

{74 it says “this data would be rare if H, were true”



4. Why we don't just switch to P(H, | data)

To do that, we must:

e Assign a prior probability to hypotheses
e Model uncertainty over parameter values

e Accept subjectivity in priors

This leads to Bayesian statistics, where:
P(H, | data)
is exactly what is computed

So your “more natural probability” does exist — it’s just Bayesian, not frequentist.

5. Why p-values became dominant historically

Three main reasons:

(a) No priors required
» Early statistics (Fisher, Neyman—Pearson) wanted objective procedures
e Priors were seen as subjective and controversial

(b) Error control guarantees

Frequentist testing gives long-run guarantees:

e Typelerrorsa

e Reproducibility across repeated experiments
Bayesian posterior probabilities do not give these guarantees unless carefully calibrated.
(c) Simplicity and universality

e p-values can be computed from data alone

* No need to agree on prior beliefs

6. Key intuition to remember

A useful mental model:

p-value # probability the null is true
p-value = measure of conflict between data and null



Think of a courtroom analogy:
e Null hypothesis: “The defendant is innocent”

e p-value: “How surprising is this evidence if the defendant were innocent?”

We do not compute:

“Probability the defendant is innocent given the evidence”

unless we introduce priors (Bayesian reasoning).

7. Summary (one-line answers)
« Weuse P(data | Hy) because frequentist statistics forbids probabilities over
hypotheses
« P(H, | data) requires Bayesian inference and priors
e p-values measure evidence against a hypothesis, not belief in it

* Your intuition is correct — it just belongs to a different statistical framework
If you want, | can next:

e Show a numerical example where p-value and posterior probability strongly disagree
e Explain why p-values are often misinterpreted

e Compare p-values vs Bayes factors (very relevant to this question)

Just tell me.

@ 6 @ & O

Hypothesis testing is usually taught in colleges just after
the topic confidence interval. Is there any relation for
hypothesis testing p-value or hypothesis testing
significance alpha with confidence intervals?

e 7

Yes — there is a deep, exact, and structural connection between confidence intervals
(ClIs) and hypothesis tests. They are two views of the same inferential machinery. The fact

that they are taught back-to-back is not accidental.

I'll explain this in increasing depth.



1. The core equivalence (most important fact)

For standard frequentist procedures:

A two-sided hypothesis test at significance level o rejects H)

o

the (1 — «) confidence interval does not contain the null value.

Example

° HU . /j, = l’l’O
e Significance level: o = 0.05

* Construct a 95% confidence interval for

Then:

o If wo ¢ Cl  reject Hy

desim le.
e If ug € Cl - fail to reject H =+ acar/r o — Wﬂag

So:
\boxed{\text{95% CI} \;\Longleftrightarrow\; \text{5% hypothesis test}}

2. How the p-value fits into this

The p-value answers:

What is the smallest o at which H would be rejected?

Now connect this to confidence intervals:

The p-value is the smallest « such that the (1 — «) confidence interval excludes the
null value.

Equivalently:

» If you keep shrinking the CI (lowering confidence level)
e The moment the null value drops out

e That confidence level corresponds to the p-value

This is a very precise mathematical relationship.

3. Why this equivalence holds (intuition)

Both Cls and hypothesis tests are built from the same pivot quantity:



estimate — hypothesized value

Test statistic =
standard error

Hypothesis test
Reject H if:

|statistic| > z4/2

Confidence interval

Include all values satisfying:
|statistic| < 2,9

So:

e Hypothesis testing asks
“Is the null value outside the plausible range?”
e Confidence intervals give you

“The entire plausible range.”

Same inequality, viewed from opposite directions.

4. One-sided tests vs confidence intervals

The correspondence still holds, but you must match them correctly.

Hypothesis test Matching CI

Two-sided test at a Two-sided (1 — «) CI
Upper-tailed test at o Lower (1 — «) one-sided Cl
Lower-tailed test at « Upper (1 — ) one-sided Cl

1. Many confusions arise from mismatching these.

5. Significance level a as “Cl coverage”

Interpretation link:
e « = probability of rejecting a true H

e 1 — o = probability the Cl contains the true parameter

These are the same error control, expressed differently:



Concept Error controlled

Hypothesis testing Type | error

Confidence interval Coverage probability

6. Why confidence intervals are often better than p-values

Cls give strictly more information:

e Hypothesis test: reject / not reject

e p-value: degree of incompatibility

» Cl: range of plausible parameter values
Example:

e p-value =0.04 - “significant”
 ClI:]0.01,0.02] vs [0.0001, 10]

- radically different scientific meaning

Same p-value, wildly different implications.

This is why modern statistics often recommends:

Report confidence intervals instead of (or along with) p-values.

7. Important caveat: this equivalence is not universal

The clean equivalence holds when:

e Tests are based on inversion of Cls
» Regular models (normal, t, large-sample)

* No discrete complications

It can fail or become approximate for:

» Discrete distributions (binomial, Poisson)
e Composite nulls

¢ Non-standard or exact tests

But conceptually, the link remains.



8. Big picture summary
e Confidence intervals and hypothesis tests are dual concepts
e A (1 — a) Cl contains exactly the values not rejected by an « test
e p-value tells you how much confidence you must give up to exclude the null

e This is why they are taught together — they are two sides of the same coin

If you want, | can:

e Show a geometric picture of Cl vs test
e Walk through a full numerical example
* Explain why “fail to reject” # “accept” using Cls

e Connect this to likelihood and Bayesian credible intervals

Just tell me which one you'd like.

@ 6 @ & O

Confidence interval has no usefull meaning for a already
observed sample statistics. Confidence interval has
meaning for the long running sample statistics. How can
we then formulate the confidence interval to reject or
accept the null hypothesis just based on one sample. It
needs to be the long running sample statistics that accept
or reject a hypothesis

e 7

This is an excellent objection — and you are thinking exactly like a careful frequentist. What
you are noticing is the central conceptual tension in confidence intervals and hypothesis

tests.

Short answer: ﬁ*
We do not interpret a confidence interval as a probability statement about the
observed sample.

We use it as a decision rule whose long-run behavior is guaranteed.

Let me unpack this carefully.



1. You are absolutely right about confidence intervals

In frequentist statistics:

e The parameter 0 is fixed (unknown)

* The confidence interval is random (because it depends on the sample)

Formally:
PO eCI(X)=1-a
This probability is about repeated sampling, not about the specific interval you observed.

So statements like:

“There is a 95% probability that @ lies in this interval”

are incorrect in frequentist logic.

v/ Your understanding here is 100% correct.

2. Then how can one single Cl justify rejecting a hypothesis?

This is the key point: ¢

We do not use the Cl as a statement of belief about this sample.
We use it as a realization of a procedure with guaranteed long-run error control.

Analogy (very important)

Think of a court rule, not a belief statement.
e The legal rule might be:

“Convict if evidence exceeds threshold T”

e Thatrule is justified because:

“In the long run, this rule wrongly convicts < 5% of innocent people”

For this one defendant: //
e They are either innocent or not

W
- —— yidm
e The probability statement does not apply to them|individually e

Yet the decision is still made using that rule. )gna Qun

<~ Confidence-interval-based testing works the same way.



3. Clinversion is a decision rule, not a probability claim

When we say:
“Reject Hy : 6 = 0y if 6y ¢ CI”
we are saying:

“Use a procedure whose long-run Type | error rate is o.”

The Cl is just a computational device that encodes this rule.

4. Where the long-run guarantee comes from
Let CI(X) bea (1 — «) confidence interval.

Then:
Py, (6 ¢ CI(X)) =«
This is exactly the Type | error definition:
Py, (reject Hy) = «
So the rejection rule:
Reject if 6y ¢ CI(X)

is frequentist-valid, even though it uses one observed sample.

5. Why “accept / reject” language is misleading

You are also implicitly pointing out another subtlety:

e | Frequentist tests do not “accept” hypotheses

e [ They only reject or fail to reject

Why?
Because:

« A wide Cl containing 6 does not provide evidence for H

e It only means the data is not inconsistent enough




Confidence intervals make this clearer than p-values:

e If Clis wide — uncertainty is high

* “Fail to reject” is a statement about lack of precision, not truth

6. Why one sample is enough (conceptually)

The key idea:
S gpih doision w06

Frequentist guarantees are about the procedure, not the outcome. be. PM k-

. , : " put- W o bing 1o
You design a rule using probability theory ?”WW' ) th Mﬁ Qi
 You apply it once ic awwed, , e waiiui
e The guarantee holds even if you observe only one realization Clakic s Wﬂ:bk e @“’b o
Just like: o ber “ 5
ust like: o the ;am)des pbceed

e A fair die has known probabilities

 Asingle roll has no probability attached after it occurs -«)5;% %j“‘ e W%‘
0

pobatity c ikl e

* Yet the fairness claim is still meaningful

T U stet Chakements ol Iy tun

7. Why this feels unsatisfying (and rightly so)
What you are feeling is exactly why:

» Fisher emphasized evidence (p-values)
* Neyman—Pearson emphasized decision rules

e Bayesians rejected this framing entirely

Bayesian credible intervals do allow:
P(6 € interval | data)
Frequentist confidence intervals deliberately refuse to do this.

Your discomfort is not confusion — it is philosophical consistency.

8. One-sentence resolution

A confidence interval is not used to describe what this one sample “means”;
it is used to implement a decision rule whose error rate is controlled across
hypothetical repetitions.



That is why a single observed CI can legitimately be used to reject a hypothesis.

If you want, next we can:

e Contrast this with Bayesian credible intervals precisely
e Show a formal proof of Cl ~ hypothesis test equivalence
e Discuss why scientists still interpret Cls incorrectly

e Explain how likelihood-based inference fits between Cl and Bayes

You're asking exactly the right questions — just tell me where you want to go next.

@ 6 @ & O
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3) Suppose the courage of psychologists has a population that is normally distributed with
a standard deviation of 10. You decide to sample 57 psychologists from this population

and obtain a mean courage of 34.81 and a standard deviation of 9.0579.

Using an alpha value of o = 0.05, is this observed mean significantly greater than an

pie. il ed.

expected courage of 347
Z_critical = 1.64 for alpha = 0.05

a) z-value observed is 0.61, we need to perform two tailed test and the observed mean and
population mean are same.

\A) z-value observed is 0.61, we need to perform right tailed test and the observed mean and
population mean are same.

c) z-value observed is 0.61, we need to perform left tailed test and the observed mean and
population mean are same.

d)None of the above

| s C e whret X s
/ —

0 _—
peb S opl i

Toide 5 dw lness o), e Sduitness o (L,
abrnt e pheved \pas- X
Alternative hypothesis Test type Confidence interval NDMS 0 d %O{M

i > o Right-tailed Lower bound CI Rl'gk’ﬂﬁ\jw%
p < po Left-tailed Upper bound CI ]Q)H/‘ %Wﬂg/“

n# po Two-tailed Two-sided CI Two sided Q%Sﬂd/’lﬂ}




a mcan knowledge of 15.64 and a standard deviation of 7.407 . 01

Using an alpha value of a = 0.01, is this observed mean significantly less than an expected 5, = Th )(

knowledge of 507 %
-2 = L

s

8) One day you sample the knowledge of 31 utopian dinosaurs from a population and obtain

o T(sd 2D s i

7] = 50 M{—m{-&&,

6) Suppose the courage of hateful republicans has a population that is normally dis ?g[\Mﬁhm 50—;’2%& W'\ZW NMQ‘
0 ) =

republicans from this population and obtain a mean courage of 23.59 and a standard
N= 53 Y- NN(O’D

deviation of 6.61.
Using an alpha value of a 0.05, is this observed mean significantly less than an expected % =z :_}Tﬁ

courage of 267 X; — 235? é é
Z-value for alpha = 0.05 is 1.64 . 7, & -— 3 .0
S = Lol A :—,‘:&’}/EL/ =
sl I

tributed with a standard deviation of 6 Let’s pretend that you sample 58 hateful

a) The courage of hateful republicans is significantly less than 26.

b) The courage of hateful republicans is significantly more than 26.
= b
Up- P~ () = —lble
. 'fi <26 @,ﬂ;wlgo\) 2 8ilicd

d) ve perform left tailed test, z-value is -3.06 H_q :

c) we perform two tailed test, z-value is +3.06

Suppose you want to determine if the height of women with fathers 6 foet or taller in our class
18 signific antly different from the average hei [Ill of women in the US |m;1uL Ly cording
to Wikipedia, the average height of wom in the US is 64 inches, but t
s of the M women with fathers 6 foet or taller

wlard deviation of 2.663 inches. Is this mean

wite docs

not provide standard deviations. The he

in our class has a mean of 66.62

significantly different from 64 inches? Use an a value of 0.05
—~ p-1% b Ho
bty | Fers™ < whide CTpa D%
o / phba-tt  — 5137 U
“"”JU g $7

B 0 \ Twe = P2 »
quosited = 9be2 I\ mean S
o= S jﬂfa s

9-23. A melting point test of n 10 samples of a binder 11—/(0 I a"’: R N[F/H) H? ’l:isss
=15 Ha:

¥ = 1342, Asoumme that mating potas 1 socually ditl. 5% 2y = 1582715 =257
i I EICE
(b) What is the P-value for this test? o ol
= Z’%MN[I) 7 7 -lebe _ gl
'@ FVaJMﬁfvaM% o ot bmnd?y f/>2=—2mm1
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9.20. The mean water temperature downstream from a

power plant cooli ) 1schz pipe should be no more
ndicated that the standard

deviation of temperature 1 The water temperature is

measured on nine randomly chosen days, and the average

tempperature is found to be

X'\Jmuld the water temper. ) d acceptable with

-

zi=

A random sample X X of size 6 is taken from a Bernoull: distribution with g9
the parameter 6. The null hypothesis Hp: 8 = = i esled against the alternative

H,:8 > 1. tased on the statistf ¥ Y-y X;. Jf the value of ¥

fe p-velue of the test

Let {xy, X3, .., X,} be arealization of a random sample of size n
from a N(g,0*) distribution, where —o < j -
the following statements is/are true?
y confidence interval of u based on {xy, x5, n} 15 unique when
is known _
nfidence interval of p based on {xy, x , X} 18 NOT unique

3 A o = e 0 fr 7 ves 0% confi = -al (20.40 23 §
when o is unknown A simple random sample of size 10 from N(/, 0" ) gives 98% confidence mterval (20.49, 23.51).

Then the null hypothesis H;: 1=20.5 against H,: u#20.5

(A) can be rejected at 2% level of significance

(B) cannot be rejected at 5% level of significance

(C) can be rejected at 10% level o ance \/
(D) cannot be rejected at any level of significance

Parameter of intere
15 ju, the mean t
ull hypothesis, H, entimeters
nd
Alternativ
ters p




Tapel g3 =cc | 13
P (et | o) b b

[0 Topa o =f

p ([t % P (FathL) / H,,)

9-2. A textile fiber manufacturer is investigating a new
drapery yarn, which the company claims has a mean thread
elongation of 12 kilograms with a standard deviation of 0.5

. The company wishes to test the hypothesis
a_gainsr Hy: p < 12, using a random sample of]
1Omes

1ens.
(a) What is the type I error probability if the critical region is
defined as x < 11.5 kilograms?
e —————
indf—for the case where the true mean elongation is

I
g =P HE i

= PL )(7Il'6/p7”_39

=

Y- < 512
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Z>-d —> auens
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Let X have a binomial distribution with parameters n

and p, n=3. For testing the hypothesis Hy:p =
against Hy:p = 1/3, let a test be Reject H, if X
accept Hy if X < 1. Then the probabilities of Type I and
Type Il errors respectively are
20 (

a) = and

h| md -

<) J and —

d) f and —

- _ ~AX = —iX
The probability density function of the random variable fuﬂbﬂ}ﬂ"& FDF/ 5’1 Q") - Ae- ¢ Dr’ - l —&

Fx) = ; . . r_,‘f;:.._-iw.w : A=3 pikical Qe};m(k) = X ZK*®

Where A > 0. For testing the hypothesis Hjy: A

_ he
against Hy: A =5, a test is given as kj’ p-aagl
“Reject Hy if X = 45". \M = P( X;hEJ A—,% = &
e o S SRR
The probability of type I error and power of test "l%’ 7 l]f?b'é
are respectively o b P[ XZu 5 J A= %
a)0.1353 and 0.4966 b)0.1827 and 0.379
¢) 0.2021 and 0.4493 M}l and 0.4066
se that X 1s 2 an( varia '
-l P<X< |
with probability density function F % @) = ot X
v o ([0 0<x<] K
f(x; 6) . =2
; (0 otherwise, H’V' 9’/
where @ is a parameter. In order to test the null hypothesis H.‘ A
Hy:0 = 2, against the altemative hypothesis Hy:0 = 3,
0 x 7”a _5044}‘[“! KL m%gﬂMHb
the fol!oﬂ est is used: Reject the null hypothesis \ Z

il b b H
u—pr otherwise, X < l]a — MLQPW }lZ}Im % b e XL( ’ |

p ‘i3 51
e . iials Gl aion = g
wherd™ATIS 4 random sample of size 1 A _ ) B |7 )ﬂ y I/a ﬁ’ . _ Z- g »_ = [ \[;’
drawn from the above population. Then the ]7‘7\’/ = [~ =

tfa

- ‘i’Lgf- 1!}/

power of the testis  °

2
——r—— X Unigeen (,5°)
Let X, be a random sample of size 1 from uniform v 4
| uniform,

i
distribution over (8,82) where 8 > 1. To test Hy:0 =2 )(| JW n=|
against H;: 8 = 3, reject Hy if and yif X, >35 leta o o=

and f be m! spectively, of this test. Ha: g=>

=mal places) is equal X‘. <3.5 (/Qﬂl"lﬂ/g M}iﬂﬂ

lo~
|
8= plx735] =2 — 42 = o
? —
7 f\lp ’
3, X34 be a random sample of size four from a X= F( XiHat Yo Y4 £a / ﬁ';l/[b = [r[a Kﬂb @@ +\= %/Lf} +-
Z
Bernoulli distribution with the parameter 6, 0 < 6 < 1. /TCf 'IQ(%IA s h'% '@5
Consider the null hypothesis H,: 8 1/4 against the Lelg Q![X‘Gﬁ? 6- 1
. -
alternative h}'poihesiw Hi:0 >1/4 Suppthf- Hy is I 16
rejected if and only if X; + X; + X3 + Xy > 2. If a is the a’{)(zr 5[( + J08 48
§ & bol = %‘ TY= xT+5
probability of Type I error for the test Am is the J « f 4’7{: % )602‘]’ ! L N 2:”
— e [
power function of the test, then the value of Sb
i AN 2 : /) {*W’é {ﬁ lL. ﬂr@?ﬁ_—ao Jo3
l16a + 7 14 () (in integer) 1s equ.ll to ZD /é J[ [ /j-ﬁ_,
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and variance 4. Define

If Var(S,) denotes the variance of 5,,, then find the value of

Tim ( Var(S,) ( i )) fﬂ’(\ﬁz

mn 1

Chi-Square Goodness-of-Fit: Intuition & Justification (Complete
Summary)

1. What are we testing?
« We compare observed counts O; in buckets to expected counts F; = np; under a
hypothesized distribution.

+ The chi-square statistic is

2. What is the random variable?

+ Each bucket count is a count random variable, not raw data:
O; ~ Binomial(n, p;)
+ Mean:
E[O,;] =E;
» Variance:
Var(0;) = npi(1 — p;) =~ np; = E;

(The approximation holds when p; is small, which is typical.)

3. Why does normality apply?
« When expected counts are large (E; = 5):

O; — Ead
VE:

(by CLT / normal approximation to binomial).

N(0,1)

4. Why divide by E;?
+ Since Var(0;) = E;, we are effectively computing:

(0 — E;)?
Var(0;)

» This is the square of a standardized normal variable:

(04 —Hi)2
o;

i) = htl= 5
axlbt fxik]
22+(b —h3 Y n

&/néﬁﬁ/
V“);’S[Sl/ n Va&()“) = hin

Lim k\ﬂl(é) - G%) = k&-as -;3/_3”_

5. Interpretation of the denominator

The denominator FE; acts as:
= avariance stabilizer
« ascaling / weighting factor
« away to ensure uniform treatment of buckets
« prevents buckets with large expected counts (and naturally larger variance) from

dominating the statistic

So each bucket contributes on the same standardized scale.

6. Why does the sum follow a chi-square distribution?
« Each term is approximately ZZ where Z; ~ N(0, 1)

= The sum of squared independent standard normals follows:

X?

« Degrees of freedom:
df=k—1

(because counts must sum to 72, imposing one constraint).

7. Key conditions for validity
« Expected counts should be sufficiently large (rule of thumb: E; > 5)
« This ensures the normal and chi-square approximations are accurate

One-line intuition

The chi-square statistic is the sum of variance-normalized squared deviations of
observed bin counts from their expected values.



Chi-Square Test of Independence: Intuition & Justification (Complei
Summary)

1. What are we testing?
= We test whether two categorical variables are independent.
« Data are arranged in a contingency table with observed counts Oij.

» The chi-square statistic is:

2. What are the expected counts?
« Under the null hypothesis (independence):

(row total;)(column total,;)

E;; =
< grand total

» These represent the mean counts we expect if rows and columns are unrelated.

3. What is the random variable?

« Each cell count is a count random variable:
0;j ~ Multinomial cell count
« Mean:
E[0;] = E;;
= Variance:
Var(0;;) ~ Ey;

(Valid when probabilities are small and expected counts are not tiny.)

4. Why does normality apply?

» When expected counts are sufficiently large (E;; 2 )
O;; — Eij
v/ Eij

(by CLT / normal approximation to multinomial counts).

25 N(0,1)
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5. Why divide by £;;?
« Since Va.r(Oi-j) ~ E;;, each term is approximately:
(i — Eij)?

Var(Oij)

« This is the square of a standardized normal variable:
2
U'ij

6. Interpretation of the denominator

The denominator Eij acts as:

« avariance stabilizer
+ ascaling / weighting factor
« ensures uniform treatment of cells

« prevents cells with large expected counts (and larger variance) from dominating

Each cell contributes on the same standardized scale.

7. Why does the sum follow a chi-square distribution?

« [Each standardized cell contributes approximately a 72

« The sum of squared standard normals follows:

X2

« Degrees of freedom:
df = (rows — 1)(columns — 1)

This comes from the constraints imposed by fixed row and column totals.

8. Key conditions for validity
» Expected counts should be sufficiently large (rule of thumb: E;; > 5)

« Ensures accuracy of normal and chi-square approximations

One-line intuition

The chi-square test of independence measures variance-normalized squared
deviations between observed and expected cell counts under independence.

1
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995
0.00
0.01
0.07
0.21
0.41
0.68
0.99

B 3 2
(18-12.66) 4 (B-12-64) v Q -1268)

12 b6 L6k

!7{1: h-os‘} \—"Zm"l"’{!

9
0.00
0.02
011

| following table, Meryem moc
are in use at any given time at the \

Number of rooms in use

numbers of

Number of rooms in use

Times

hospital d

ka B0 times and r
ms in use at those times. Here are her results:

_ sostn vahal

y out a Y2 goodness-of-fit test to
1 of numbers of rooms in use at her veterinary
s with the claimed percentag

12-bb

= g_ ‘.O—E )1 e
: i

[ RNTY

0.0100

0.0717
0.207
0.412
0.676
0.989
1.344

1.7335

0.975
0.000982
0.0506
0216
0.4e4
0.831
1237
1.690
2180
2,700
3247
8

-

g

P
(n— 1bsd
4= U5

0.20
1.642

8.558

9.803
11.030
12.242
13.442

15.812
16.985
18191
19.311
20.465
21.615
22.760

A1) bb
1.

onhosd

21.064
22.307
23.542
24.769
25.989

9.488
11.070
12.592

14.067 |

15.507
16.919
18.307

| 7.378
9.348

11.143
12.833
14.449
16.013

17.535
[ 19.023

22.362

23.685 | 26

30.191
| 31.526
32.852
34170

22.618
24054
25.472
26.873
28.259
29.633
30.995
32.346
33.687
35.020

361N
37.566

What are the values of the test statistic and P-value for Meryem's test?

Choose 1 answer.

ralue «

P-value

0.20

38.682
39.997

38.048
40.136
41.610
43.072

13.816
16.266




9) Suppose balloons come in 3 varicties: neat, easy and deep.  Tomorrow you find

11 balloons and count how many fall into each varicty. This generates the following table:

b observed Irvqn&(‘u:ﬁ of h:nllmm:‘i
neat ASY

casy deep

Make a bar graph showing the frequencies for cach var x balloons

r a table of the expected frequencics,
un .Llphu Vi \lu: u[ a = (.05 test the null hypothesis that the 44 balloons are distributed

5) Supposc chickens come in 7 varicties: sedate, careless, rainy, hurried, judicious,
outstanding and stormy. ['d like you to find 176 chickens and count how many fall into
cach variety. This generates the following table:

observed frequencies of chicke

sedate carcless rainy hurried judicious | outstanding stormy

Make a table of the expected frequencies.

U an alpha value of « 0.05 test iypothesis that the 176 chickens are
distributed cvenly across the 7 varicties of sedate, carcless, rainy, hurried, judicious,
outstanding and stormy.

nputer that students use in our class depend o nder? To find out
» cach kind of computer,
sle:

observed frequencies

Apple Y=0

Wy dafeunds gl ? e | , 1
4L x 1 4 U
L3 bt peate requ an’ S B w
How 12 § wd exp eeked e (S \ §
Total Hrchudenks = 143 246 = (U0 =¥ 26
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The time it takes a central processing unit (CPU) to process a certain type of /l,f oy, UW{'K"[ @l JBD
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where x,, represents the observed processing times for each job in a sample _ 2 D Wf}” MM

of 15 jobs, and the sample mean is 0. X»n ':_/ ? 1” -
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The expected value of &f is known to be %
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What is the probability that the variance of this sample will exceed 12?
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The formula that transforms a sample variance (s?) into a variable that follows a chi-
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« nis the sample size.
« s?is the sample variance.

« ¢ is the true population variance (a known or hypothesized value). 5 — W

« The resulting x” statistic has v = n — 1 degrees of freedom. e
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Conditions and Rationale %;)/Db{‘ 1 le,&f_’

= Assumption of Normality: The underlying population from which the sample is drawn
must be normally distributed. This is a strict requirement for this relationship to be
valid.
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Degrees of Freedom: The use of n — 1 (degrees of freedom) rather than n in the
numerator accounts for the fact that the sample mean (%) is used to calculate the
sample variance. Calculating deviations around the sample mean, instead of the true
population mean, causes the sample variance to slightly under-estimate the
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V et (1,3), (2, 4), (7,8) be three independent observations. Then the sample Spearman rank correlation coefficient based on

the above observations is (rounded off to two decimal places).
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